We study the angular dependence of the flux from partially synchrotron self-absorbed conical jets (proposed by Blandford & Königl). We consider the jet viewed from either a side or close to on axis, and in the latter case, either from the jet top or bottom. We derive analytical formulae for the flux in each of these cases, and find the exact solution for an arbitrary angle numerically. We find that the maximum of the emission occurs when the jet is viewed from top on-axis, which is contrast to a previous result, which found the maximum at some intermediate angle and null emission on-axis. We then calculate the ratio of the jet-to-counterjet emission for this model, which depends on the viewing angle and the index of power-law electrons.
INTRODUCTION
The radio emission of jets in the hard state of black-hole binaries and of extragalactic parsec-scale radio sources is often flat in the dF/dE representation, ∝ E α , with α ∼ 0, where E is the photon energy, e.g., Cawthorne (1991) , Fender et al. (2000) , Healey et al. (2007) . The emission of this type of jet is usually interpreted as due to the partially self-absorbed synchrotron process in a continuous conical jet (Blandford & Königl 1979, hereafter BK79) . The emission at a given energy is self-absorbed from its onset up to a certain height of z ∝ E −1 , and it is optically thin at higher h. The jet becomes optically thin at all z at energies above the synchrotron break energy, E t .
The model of BK79 is also assumed in an important method of measuring magnetic fields of extragalactic jets from core shifts, i.e., angular displacements with frequency of the observed maxima of jet radio emission (Lobanov 1998; Pushkarev et al. 2012) . This method can also be used to measure the jet power (Zamaninasab et al. 2014; Zdziarski et al. 2015) .
The angular emissivity pattern of such continuous, partially optically-thick, jets differs from that of optically-thin jets, either steady-state or in the form of moving blobs (Lind & Blandford 1985; Sikora et al. 1997) . The case of the angular dependence of the emission from partially self-absorbed jets was considered by Cawthorne (1991) . Here, we re-examine this problem, and obtain different results at viewing angles close to the jet axis. The cause of this discrepancy is that the usual approximation that we view the jet from a side in the comoving frame breaks down in that case.
We also consider implications of our results for the ratio of the jet-to-counterjet emission. We then apply our results to the compact radio jet observed from Cyg X-1 in its hard spectral state.
DEFINITIONS
We develop here the formalism of Zdziarski, Lubiński & Sikora (2012) , hereafter ZLS12. We use the notation similar to that of ZLS12, except that now the Doppler factor is δ j , the dimensionless jet length, ξ, is in units of the distance of the position of the onset of the synchrotron emission, z 0 , as in Zdziarski et al. (2014a) , and we take into account the effect of cosmological redshift, which we denote as z r . Also, the jet radius is given now accurately as z tan θ j rather than by zθ j , where z is the distance from the jet origin and θ j is the half-opening angle. We consider the model of a conical jet moving with a constant bulk velocity, β j c, and emitting synchrotron radiation (BK79).
We are concerned with the angular distribution of the emission of such jets. We observe the jet at an angle, i, with respect to the jet Figure 1. The effect of the special relativistic transformation on the emission angle in the observer frame, i. The angles in the comoving frame, i , are shown for the jet and counterjet by the solid and dashed curves, respectively. The top solid and bottom dashed (red) and the two middle (black) curves are for Γ j = 10 and 5/3 (β j = 0.8), respectively. We see that at large Γ j , the jet-frame viewing angle for most values of i is close to 180 • . Figure 2 . A schematic drawing of the jet and photon paths in the local observer frame. We show three cases of the photon path: (i) along the jet axis and in the direction of the jet motion, in blue, (ii) along the jet axis backward, in green, and (iii) perpendicular to the jet axis, in red. The beginning of the photon paths are marked by the filled circles. The intersections of the photon path with the jet boundary are at the vertical distance z from the origin, and at the radial distance r from the jet axis.
axis. This angle in the jet frame is given by
where Γ j is the bulk Lorentz factor. The counterjet is viewed at π−i. Examples of the relationship between i and i are shown in Fig. 1 . We see that at large Γ j , the jet-frame viewing angle for most values of i is close to 180
• . The jet is viewed at 90
• in the jet frame for sin i = 1/Γ j , see case (iii) in Fig. 2 . This case is also equivalent to cos i = β j and δ j = Γ j . Hereafter, we omit primes for other quantities in the comoving frame, and use a prime instead for quantities being integrated.
We note, however, that unlike the case of a moving blob of a constant size, often assumed to model blazars, the comoving frame in our case is not stationary. Both the distance from the origin and the radius increase with time in the comoving frame, and the magnetic field and the electron density decrease with time. Thus, a photon directed at 90
• in the comoving frame moves in a changing environment, in spite of its comoving position being constant. Therefore, we perform our calculations in the observer frame, in which the jet is stationary (though its medium is moving). We do it using the emission and absorption coefficients transformed from the comoving frame, see below.
The steady-state electron distribution per unit volume in the comoving frame at a given point (defined in the observer frame) is assumed to be a of a power-law form,
where K is the normalization and γ is the electron Lorentz factor. Following BK79, we assume conservation of the electron distribution along the jet, and conservation of the energy flux in the toroidal component of the magnetic field. We also define the dimensional energy, E, in the observer's frame and a dimensionless one, , in the jet frame. Thus, we have
where z 0 corresponds to the onset of emission. For calculation of the synchrotron emission and absorption, we assume the magnetic field is tangled (Heinz & Begelman 2000) , which implies the emission in the local frame is isotropic. The emission coefficient from isotropic relativistic power-law electrons per unit volume at the jet frame can then be written as,
where B cr = m 2 e c 3 /e is the critical magnetic field, is the reduced Planck constant, e is the electron charge, and C 1 (p) ∼ 1 (= 1 for p = 3) follows from averaging over the pitch angle, see, e.g., ZLS12. The emission coefficient in the local observer frame at E equals δ 2 j j S (E, ξ) (e.g., Ghisellini 2000) . The synchrotron selfabsorption coefficient averaged over the pitch angle for a power-law electron distribution can be expressed as,
where α f is the fine-structure constant, and the constant C 2 (p) ( 1 for p = 3) is given, e.g., in ZLS12. The absorption coefficient in the local observer frame at E equals δ
which becomes δ 3 j S (E, ξ) in the observer frame.
THE JET ANGULAR EMISSIVITY PATTERN
In order to obtain the spectrum observed from the jet, we need to calculate the emission towards the observer from a given location of the jet in the observer frame and then integrate it over the jet projected area. We can do it by integrating the radiative transfer equation over the line of sight, e.g., equation (1.29) in Rybicki & Lightman (1979) , and then integrate the solution over the projected area. In the conical geometry and for an arbitrary angle, this can be done only numerically, which we do in Appendix A. However, if the viewing angle in the observer frame is i ∼ 90
• , see the case (iii) in Fig. 2 , we can approximate the jet locally as a cylinder, and neglect the variation of K and B along the line of sight. The above approximation also implies that the source function is constant along the line of sight. In this approximation, the radiative transfer equation solves for the observed intensity as δ
where τ is the optical depth to synchrotron self-absorption integrated over the entire line of sight,
where x is the distance perpendicular to both the jet axis and the line of sight. The flux (for either jet or counterjet) is then given by (ZLS12)
where D is the luminosity distance. Since uppermost parts of the jet usually contribute weakly to the total flux, we assume here the jet extends to infinity. Hereafter, the redshift terms are included, generalizing the corresponding equations in ZLS12. The unit of energy in the flux is assumed to be the same as the unit of photon energy (e.g., both can be in eV or erg), which results in the unit of the flux of cm −2 s −1 . To get the flux in, e.g., erg and the photon energy in eV, we need to multiply the above formula by erg/eV.
Above the synchrotron break energy, E t , see equation (18) below, the entire jet emission is optically thin, with τ < 1. Below it, the jet is optically thick from z 0 up to some distance, and optically thin above it. This results in the spectral index of the partially optically thick spectrum of α = 0 regardless of p (as obtained by BK79). In order to get the normalization of this spectrum, we can solve equation (9). This is equivalent to substituting equation (23) in equation (22) of ZLS12, which yields
which is valid for E E t . C 3 (p) is given by a dimensionless double integral defined in ZLS12, which we integrate here analytically,
where Γ is the Gamma function. Example values of C 3 are 3.61, 2.10, 1.61 for p = 2, 3, 4, respectively. The flux dependence on the angle is ∝ δ
, see also Cawthorne (1991) . This can be compared to the angular dependence of a steady-state optically-thin jet of ∝ δ 2−α j (BK79; Lind & Blandford 1985; Sikora et al. 1997 ) for α = 0. We see that at large angles the two dependencies are relatively similar, having similar powers of δ j , e.g., 13/6 and 16/7 for the partially optically-thick jet with p = 2, 3, respectively, vs. 2 for an optically thin jet. However, at small viewing angles we have sin i 1, which leads to a strong reduction of the flux, formally to null at i = 0.
However, we point out that the approximation of equation (9) breaks down when the viewing angle is substantially different from 90
• , in particular for i ∼ 0 or i ∼ 180
• , see Fig. 2 . This is because a given line of sight goes through regions with variable magnetic field and the electron normalization, and S is no longer constant along it. Furthermore, the length along a line of sight is no longer given by that in a cylinder, which is assumed in equation (8). Generally, the integration of the attenuated source function over the jet volume needs to be done numerically, see Appendix A. Furthermore, the treatment needs to be changed for i < θ j , in which case we no longer see the jet side, but instead view it from the top. An analogous effect occurs for the bottom view. These cases require a change of the method of the integration of the radiative transfer solution over the projected area (Appendix A).
Thus, the question arises whether the angular dependence dominated by the above power of sin i actually takes place. In order to address this question, we consider the limiting approximation in which we view the jet at i = 0, see case (i) in Fig. 2 . A conical jet has divergent velocities, see, e.g., Moderski, Sikora & Błażejowski (2003) , which effect we neglect, and assume that i = 0 along all the lines of sight through the jet. We note that the entire emission originating at a given distance, z, is now attenuated by the same optical depth, corresponding to the positions > z. Thus, we can simplify the radiative transfer equation for this case and multiply the source function by the jet cross section, πr 2 S (r), where r = z tan θ j is the jet radius. We can then write the radiative transfer equation directly for the flux, ∝ r(τ) 2 S (τ) exp(−τ)dτ, where τ(r) is measured from the top of the jet down to the intersection of the line of sight with the jet boundary (at z = r/ tan θ j ). Uppermost parts of the jet contribute weakly to the total emission, as well as the part closest to the jet origin are strongly self-absorbed, which is the case for photon energies well below the synchrotron break, E t , see below. Thus we calculate the above integral from 0 to ∞.
We first calculate τ from a given h up to infinity at i 0,
where δ j0 = (1 + β j )/(1 − β j ) is the Doppler factor at i = 0. We note that equation (12) is equivalent to the limit of i → 0 of the expression for τ in the side-view case, see, e.g., equation (19) of ZLS12. Namely, in that case, dτ = α S dx/(δ j sin i). We have sin i = dx/(dx 2 + dz 2 ) 1/2 . Thus, dτ = α S (dx 2 + dz 2 ) 1/2 /δ j , which, for i = 0, equals dτ = α S dz/δ j0 , as above. We also note that although τ is invariant between different frames, it does depend on δ j . . The blue dotted curve shows the distributions for an optically thin steady-state jet, i.e., F ∝ δ 2 j . The red solid curve shows the exact dependence for a partially optically-thick jet, see Appendix A, for p = 2 and a = 0.2. This dependence reaches the value of the small-angle limit of equation (14) at i = 0. The black dashed curve shows the cylindrical approximation of equation (10), which is exact at 90 • , but it breaks down at small angles. The flux is normalized to unity at i = 90 • .
We can then write the equation for the flux as
where ξ(τ) follows from equation (12) and
The above integral yields a Gamma function, and we obtain a spectrum with α = 0,
The flux dependence on the Doppler factor is the same as of the side-view spectrum, equation (10), namely ∝ δ
. Parenthetically, we note that the often-used approximation of calculating the emission from the part with τ ≤ 1 as optically thin and neglecting the contribution from the optically-thick part yields almost the same result, with the Gamma function above replaced by inversion of its argument, (p + 4)/(p − 1), which fractional error is less than 13 per cent for p ≤ 4.
It is of interest to calculate the ratio of the on-axis emission, equation (14), to that seen from a side, equation (10)
We see that, apart from the dependence on the viewing angle, this ratio depends only on the jet opening angle and velocity, and on the electron index, p.
In order to get a characteristic value of this ratio, we calculate it at sin i = 1/Γ j , i = 90
• . For that angle, δ j0 /δ j = 1 + β j . Then, we express the jet opening angle as a fraction of 1/Γ j , tan θ j = a/Γ j . In theoretical models, often a = 1 is assumed (e.g., Zamaninasab et al. 2014 ), but observationally a < 1 is found. In particular, Pushkarev et al. (2009) and Clausen-Brown et al. (2013) found the average values in their samples of extragalactic jets of a 0.13, 0.2, respectively. For jets in black-hole binaries, Miller-Jones, Fender & Nakar (2006) also found a 1. We note that the factor a can be theoretically connected in some jet models to the magnetization parameter, σ ∼ a 2 (Tchekhovskoy, McKinney & Narayan 2009; Komissarov et al. 2009 ).
Using the above relations, we obtain
We see that this ratio depends only on the fractional jet opening angle, a, the electron index, and 1 + β j , which factor can assume values only between 1 and 2. We also see that this ratio is large unless a is very small. For example, for β j 1 and p = 2, 3, 4, it is 4.88a 1/6 , 5.73a 2/7 , 6.54a 3/7 , respectively. The solid (red) curve in Fig. 3 shows an example of the exact angular distributions of a partially optically-thick jet, calculated in Appendix A, which reaches the values of the analytical formuale at i = 0
• and 180
• . We see that the flux seen on axis is substantially higher than the maximum of the flux in the large-angle approximation, shown by the dashed (black) curve. This appears to be a new result; e.g., Cawthorne (1991) derived the maximum flux and the corresponding viewing angle using the large-angle approximation (as for the dashed curve in Fig. 3 ), while we find the overall maximum to occur at i = 0, with the flux decrease with the decreasing i of that approximation being spurious.
We then compare the values of the synchrotron break energy, E t . For the top view, we solve τ(1) = 1 with equation (12),
In the side-view case, we have (ZLS12),
With the same assumptions as above, we obtain with equation (17),
This ratio is typically ∼1, e.g., it is 1.5 for β j = 1, p = 2, a = 0.2.
THE COUNTERJET AND LARGE ANGLE EMISSION
The emission of the counterjet corresponds to the viewing angle of π − i. We note that sin(π − i) = sin i, and cos(π − i) = − cos i. The Doppler factor of the counterjet is then
Equation (10) then applies to to the counterjet emission with the substitution of δ j → δ c j . When we consider the flux ratio between the jet and counterjet in the side-view approximation, the angular dependencies on sin i in equation (10) cancel each other. Thus, we find the jet to counterjet flux ratio under the assumption of both components being intrinsically symmetric of
The power-law index of this dependence changes from 2 for p = 1 to 3 for p 1, different from the index of 2 for an optically thin jet with α = 0. The total emission is, obviously, the sum of the fluxes from the jet and the counterjet. We note that equation (22) of ZLS12 implies an incorrect ratio, due to the neglect of the different value of E t between the jet and counterjet. Equation (21) can be solved for β j ,
We now consider the case of the counterjet emission at i ∼ 0. At this approximation, we have considered the emission from the top of the jet, equations (13-14). However, this counterjet emission corresponds to that from the jet bottom, i 180
• , see the case (ii) in Fig. 2 , for which those equations are not applicable. We can still use the approximation of a ray along the jet axis, but the direction of the emission is opposite. This also means that we cannot multiply the source function by the jet cross section, since this emission will now be attenuated by different τ depending on the distance from the axis. Using radiative transfer, we write
where τ(r), given by equation (12), corresponds to the intersection of the line of sight with the jet boundary at the radial distance r. Then the optical depth along the ray emitted at i = 180
• is τ − τ , i.e., it is measured from the intersection with the boundary. We can now change the variable of the outer integration to τ [using equation (12)]. The resulting double integral can be calculated analytically, and the final result is
. (24) We can obtain the jet-to-counterjet flux ratio for this case using equation (14) . We find it is almost the same, within ∼10 per cent, as that given by equation (21). This shows that equation (21) is valid quite generally, in spite of the underlying approximation breaking down at i substantially different from 90
• . Naturally, equation (24) with a replacement of δ cj0 → δ j also gives the jet emission at i 180
• .
We also note that we have neglected here a possible (and likely in a range of angles) obscuration of the counterjet emission at i ∼ 0, by the accretion disc and stellar wind. Also, the jet will synchrotron-absorbed reprocess the counterjet synchrotron emission.
APPLICATION TO CYG X-1
Stirling et al. (2001) have obtained radio maps of the black-hole binary Cyg X-1 using VLBA and VLA at 8.4 GHz. They have found no evidence for the presence of a counterjet, and constrained the flux ratio to R 50. They assumed i = 40
• and optically-thin emission in calculating constraints on the jet velocity. Currently, a lower value of i appears to be the inclination of the orbit of Cyg X-1, in particular Orosz et al. (2011) found i 27 ± 1
• . On the other hand, Ziółkowski (2014) , considering also the evolutionary status of the system, found i 29
• as the most likely range. For this range, equation (22) −0.11 . The value of p has been constrained by broad-band spectral models of ZLS12, Malyshev, Zdziarski & Chernyakova (2013) and Zdziarski et al. (2014b) , which give the most likely range of 1.4 p 2.5. The resulting limits on β j are relatively insensitive to the value of p, as illustrated in Fig. 4 . A caveat for this result is that the jet is likely aligned with the black-hole rotation axis, which may be misaligned with the normal to the binary plane. In this case, the jet inclination may be not given by the above constraints. Possible indications for this to be the case are given by the results of Tomsick et al. (2014) and Walton et al. (2016) , who have fitted X-ray data from observations of Cyg X-1 in the soft spectral state (in which the inner disc is expected to extend to the innermost stable orbit) by NuSTAR and Suzaku, and NuSTAR, respectively. Their fits gave the inclination of the inner disc substantially larger than 30
• , namely 70
• and 40
• , respectively, which would indicate the plane of the inner disc inclined with respect to the orbital axis. We caution, however, that this may be due to the limitations of the used models. Tomsick et al. (2014) used the Compton reflection model of Ross & Fabian (2005) , which averages over all viewing angles. Then, Walton et al. (2016) used the model of García & Kallman (2010) , which calculates angle-dependent reflection, but both models convolve their reflection spectra using the relativistic code of Dauser et al. (2010) , which neglects a number of important effects, as discussed in Niedźwiecki, Zdziarski & Szanecki (2016) . Thus, we consider the issue of the misalignment to be open.
Other constraints on the jet velocity in Cyg X-1 are by Gleissner et al. (2004) , who claimed β j 0.7 or so based on non-detection of short-time scale correlations between radio and X-ray emission, though this limit appears model-dependent. Then Malzac, Belmont & Fabian (2009) estimated 0.3 β j 0.8, which also relies on a number of assumptions. Still, if we accept those constraints at face value, the most likely jet velocity in Cyg X-1 becomes β j 0.8. Stirling et al. (2001) also constrained the half-opening jet angle of the projection of the jet on the sky as 2
• . We note here that the actual half-opening angle is the one after de-projection, i.e., multiplied by sin i (e.g., Königl 1981) . Given that i 30
• , θ j 1 • . Since the lower limit on Γ j is rather low, see above, this upper limit on the half-opening angle implies a very small factor a ≡ Γ j tan θ j , unless Γ j is much higher than the lower limit of Stirling et al. (2001) obtained from the absence of an observed counterjet. If β j = 0.8 (Γ j = 5/3), a 0.03. This implies an extremely efficient collimation mechanism, e.g., that related to a very low jet magnetization in the models of Tchekhovskoy et al. (2009) and Komissarov et al. (2009) . Also, this coefficient is substantially lower than those typically seen in blazars, where a 0.2 (Clausen-Brown et al. 2013).
CONCLUSIONS
We have studied the extended synchrotron jet model, originally proposed by BK79. We have considered three limiting analytical approximations to the flux vs. the viewing angle. In one, usually assumed, the jet is viewed sideways in the comoving frame. This approximation implies that the flux becomes null when the jet is viewed on axis, with i 0, e.g., Cawthorne (1991) . However, we point out that the above approximation breaks down in the low-i regime, since the jet is no longer viewed sideways in the comoving frame. We have considered another limiting case, of the jet viewed on axis. We have found an analytical solution of the radiative transfer integrated over the jet cross section in that case. We have found out that this emission is rather strong, corresponding to the global maximum of the flux as a function of the viewing angle. We have also calculated the emission corresponding to the emission angle of i ∼ 180
• , which also corresponds to the counterjet emission in the case of i 0. Then, we have obtained the general exact solution at an arbitary viewing angle numerically, described in Appendix A.
We have applied our results to the black-hole binary Cyg X-1. Given the jet-to-counterjet flux ratio of 50 found observationally (Stirling et al. 2001 ) and the current estimate of the inclination of i 29
• (Orosz et al. 2011; Ziółkowski 2014) , we have found β j 0.8, Γ j 1.6. Combining it with other published constraints, the most likely value is β j 0.8. We have also pointed out that when the projection effect is taken into account, the radio observations imply the jet half-opening angle of θ j 1
• , a half of the value given by Stirling et al. (2001) . If Γ j is not much above the counterjet limit, the opening angle is θ j 1/Γ j , and much lower than the values typically observed in blazars.
APPENDIX A: EXACT CALCULATION OF THE ANGULAR DEPENDENCE
As stated in Section 3, we first obtain the intensity emitted by a given point of the jet projection in a given direction, and then integrate it over the projected area. In order to efficiently deal with the geometry of an inclined cone and its projection, we set up two coordinate systems in the observer frame. One is the usual jet coordinate system, with the z axis along the jet axis, and the x and y axes orthogonal to it. The other system has the origin at the top of the jet, at the height Z, at (0, 0, Z) in the jet coordinates, and it is rotated clockwise by the viewing angle, i. This corresponds to an anticlockwise rotation of the jet itself. Since the optically-thin jet emission declines fast with the distance, the results are almost independent of the assumed value of Z as long as it is much larger than the height at which the emission at a given frequency becomes optically thin. The coordinates in the rotated system are marked by the subscript i. The transformations from the jet system to the rotated one and the reverse one are
, and
respectively, where R x is the three-dimensional clockwise rotation matrix fixing the x axis. The way we calculate the intensity depends on the viewing direction. For viewing from either the top or the side, i < π − θ j , τ is taken to be 0 when the ray leaves the jet, and integrated backward to its maximum value at the ray origin. For viewing the jet from the back, we follow the usual convention of the radiative transfer, and take τ to be 0 at the origin and integrate it to its maximum value at which the ray leaves the jet. This corresponds to the expressions for the intensity in the jet frame (see Section 2) of
where l is the running length measured along the ray. We then change the variable of integration from l to the height, z, measured in the jet coordinates as it is the only geometric quantity that the source and absorption functions vary with, the other quantities being constant. This gives us
where the boundaries z 1 and z 2 are derived below. Since we are concerned with the emission in the partially optically-thick regime, we calculate the emission of the entire jet, down to z = 0, as in Sections 3 and 4, and do not impose in numerical calculations z 1,2 ≥ z 0 . From equation (A4), we can readily determine the value of z corresponding to τ = 1.
Given that we calculate the intensity in the rotated coordinate system, we have to find the heights of the intersections as functions of x i and y i . For a given a point, (x, y, z), in the jet coordinates and the viewing angle, i, we can define a straight line at that angle that passes through the point. We need to find the intersections of this line with the cone, given by
The intersections with the cone can be found by squaring both sides and solving the resulting quadratic equation. However, squaring the equation for the cone also gives us a second cone flipped over the x-y plane (the counterjet). When the viewing angle is less than the jet opening angle, the first intersection is on the second cone and when it is greater than π − θ j , the second intersection will be on the second cone, so the functions are assigned the value of infinity at these angles so that these cases can be separated. The equations are then written in terms of the rotated coordinate system using the transformation of equation (A1) with z i = 0, since the area will be projected onto the x i -y i plane. This yields,
cot 2 i − cot 2 θ j , i ∈ (θ j , π); F Figure A3 . The dependence of the flux on the viewing angle for θ j = 22.5 • , S 0 = α 0 = = z 0 = 1, p = 3, Z = 10 4 (which is much larger than the value of z corresponding to τ = 1, which implies the results being virtually independent of Z), and β j = 0 (left) and 0.8 (middle and right). The middle and right panels have the linear and logarithmic vertical axes, respectively. The upper curves show the exact model for the case (i) at i < θ j (blue), case (iii) at i ∈ (θ j , π − θ j ) (red) and case (ii) at i < θ j (green). The lower (black) curves shows the cylindrical model for the flux, equations (9), (10). We see the two regimes connect smoothly in the exact model and the cylindrical approximation becomes more accurate for increasing viewing angle.
The edge lines, giving some of the integration limits in equation (A17) below, are then given by,
q(y i ) = −uy i v cos 2 i + Zu tan i v cos 2 i .
Past the intersection, the domain is the remaining part of the ellipse although now a modulus sign is needed to ensure that we are always integrating to the furthest point on the ellipse even when the viewing angle passes π/2 and cos i changes sign. This leads us to the final equation, 
This equation becomes identical to the flux of equation (9) in the case of i = π/2 for Z → ∞. Fig. A3 shows two examples of this solution, and compares it to the cylindrical approximation, equations (9) and (10).
